
CSE 107 WEEK 1

Counting and
conditional probability
Events · Counting · Bayes’ theorem

Antonio de Leon
Probability and Statistics for Engineers

September 28, September 30, and October 2, 2026



Course support and deadlines

Ed Discussion: questions, announcements, and private messages. No Canvas Inbox.
Open Ed from Canvas All times Pacific Full contact details and meeting links

Instructor / TAs Office hours Optional, ungraded discussions
Antonio de Leon Fri 3–4 p.m. (in person)

GSC Room 204
—

Jeannine Romero Tue / Thu 10–11 a.m. 01A: Fri 9:20–10:25 a.m.
R Carson Acad 240 (in person)

Ehsan Mirafzali Mon 3–5 p.m. 01B: Fri 10:40–11:45 a.m. (Zoom)
Seokjun Choi Wed 3–4 p.m.

5:05–6:05 p.m.
01C: Wed 4–5:05 p.m. (Zoom)

Upcoming deadlines HW and quizzes: 10 p.m. Pacific
Quiz 1 Sun, Oct 4 Canvas
HW 1 Tue, Oct 6 Gradescope

GSC: Graduate Student Commons. TA office-hour times link to Zoom.
HW: 24-hour grace period. Quizzes: no grace period. Approved accommodations apply.

CSE 107 Week 1 (Sep 28–Oct 2) Changes announced on Ed

https://canvas.ucsc.edu/courses/94988
https://docs.google.com/document/d/1AZ_T-KeO8IaSCgpgKgGldZc9AQ003VwMf3CmHBPTYhw/edit
https://ucsc.zoom.us/j/91272347746?pwd=kucoJFp40Ge38s4fehsakLx3wT8zkj.1
https://ucsc.zoom.us/j/92560253666?pwd=bWjvrY8ajdYK5yNaPR9r8soT5ZTrKg.1
https://ucsc.zoom.us/j/93609842511?pwd=PjpDhpszPkweQqrybozg4af4nmMeEX.1
https://ucsc.zoom.us/j/97723982208?pwd=h68T5JMnAwrSw5WjLYnVs5ap4r8XLj.1
https://ucsc.zoom.us/j/99542726290?pwd=8TZcwK4a3kDVvOcZ6mOGijemOwJvaC.1
https://ucsc.zoom.us/j/92001208953?pwd=jroxySXZ1gJg7EFUXFx6K4Kwl3HRFL.1




Two coin tosses

Experiment: toss a coin twice and record the results in order.
Write H for heads and T for tails.

An outcome is one complete result, such as HT .
The sample space Ω contains all possible outcomes:

HH HT TH TT

Ω = {HH, HT , TH, TT}. HT ̸= TH
An event is a set of outcomes. It occurs when the observed outcome belongs to that set.

Which outcomes give exactly one head?
Write the event E as a set.
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Events in words and symbols

First toss heads: A = {HH, HT}. Second toss heads: B = {HH, TH}.

Meaning Notation Outcomes

Both A and B (intersection) A ∩ B {HH}

A or B, including both (union) A ∪ B {HH, HT , TH}

Outside A (complement) Ac {TH, TT}

In B but outside A (difference) B \ A {TH}

The empty event ∅ contains no outcomes.
Events are disjoint when they share no outcomes: A ∩ B = ∅.

Check: is “exactly one head” the same as A ∪ B?
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Kolmogorov’s probability axioms

Andrey Kolmogorov, 1933.

A probability model assigns a number P(A) to each event A.
These numbers must satisfy three axioms:

1. Nonnegativity P(A) ≥ 0 for every event A.

2. Normalization P(Ω) = 1.

3. Additivity for disjoint events
If no two events share an outcome, then

P(A1 ∪ A2 ∪ · · · ) = P(A1) + P(A2) + · · · .

The third axiom applies to finite or countably infinite collections.
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The empty event and the complement

Use additivity on disjoint pieces of Ω.

1. The empty event
The disjoint union Ω ∪ ∅ equals Ω, so

1 = P(Ω ∪ ∅) = P(Ω) + P(∅) = 1 + P(∅).

Subtracting 1 gives P(∅) = 0 .

2. The complement of A
A and Ac are disjoint, and A ∪ Ac = Ω. Therefore,

1 = P(Ω) = P(A ∪ Ac) = P(A) + P(Ac).

Rearranging gives P(Ac) = 1 − P(A) .
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Nested events and probability bounds

A ⊆ B means every outcome in A also belongs to B.

The part of B outside A is B \ A.
B = A ∪ (B \ A) is a disjoint union. By additivity,

P(B) = P
(
A ∪ (B \ A)

)
= P(A) + P(B \ A).

Subtract the smaller event

P(B \ A) = P(B) − P(A) ≥ 0.

The last inequality is nonnegativity. Therefore,

A ⊆ B =⇒ P(A) ≤ P(B) (monotonicity).
Since ∅ ⊆ A ⊆ Ω, we have 0 = P(∅) ≤ P(A) ≤ P(Ω) = 1.
Also, A ∩ B is inside both A and B, so P(A ∩ B) ≤ min{P(A), P(B)}.
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The union rule

A B
Ω

A \ B A ∩ B B \ A

1. Add only the part of B outside A.

P(A ∪ B) = P(A) + P(B \ A).
2. Remove the overlap from B.
Since B \ A = B \ (A ∩ B), nested subtraction gives

P(B \ A) = P(B) − P(A ∩ B).

Substitute: the overlap is counted once

P(A ∪ B) = P(A) + P(B) − P(A ∩ B).

If A and B are disjoint: P(A ∪ B) = P(A) + P(B).
Union bound: subtracting a nonnegative overlap gives

P(A ∪ B) ≤ P(A) + P(B).
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Why counting helps with probability

Suppose Ω is finite, with N = |Ω| equally likely outcomes.
The notation |A| means the number of outcomes in event A.

Add the probabilities of disjoint single-outcome events
For each outcome ω, the event {ω} has the same probability p.

1 = P(Ω) =
∑
ω∈Ω

P({ω}) = Np, p = 1
N .

For any event A ⊆ Ω,

P(A) =
∑
ω∈A

P({ω}) = |A|p = |A|
|Ω|

.

The sum adds one term for each indicated outcome.

Our task: count A and Ω using the same kind of outcome.
A finite sample space alone does not guarantee equally likely outcomes.
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Count one choice at a time

A robot sends a three-symbol code using six available symbols.
Order matters, and symbols may repeat.

6 choices

Position 1

6 choices

Position 2

6 choices

Position 3

× ×

Each first symbol has six continuations; each pair has six more.
Total: 6 · 6 · 6 = 63 = 216 codes.

Multiplication principle for counting
If stage i has ni choices after every allowed earlier sequence,
then the number of complete sequences is n1n2 · · · nk .

k positions with n choices each, repetition allowed: nk sequences.
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Ordered selections without replacement

From ten people, assign a president, a secretary, and a treasurer.
Each person can hold only one role. Switching roles changes the assignment.

President Secretary Treasurer

10 choices 9 remaining 8 remaining

Factorial notation: n! = n(n − 1) · · · 1, with 0! = 1.

Choose k distinct objects from n, in order

(n)k = n(n − 1) · · · (n − k + 1) = n!
(n − k)! .

For integers 0 ≤ k ≤ n. Ordering all n objects gives n! permutations; choosing none gives (n)0 = 1.
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One committee, six orders

A committee has no roles. Reordering its members does not change the committee.

{a, b, c}
(a, b, c) (a, c, b) (b, a, c)

(b, c, a) (c, a, b) (c, b, a)

Why divide by 3!?
Each three-person committee appears in 3 · 2 · 1 = 6 ordered lists.

The same reasoning gives k! orders for each k-element subset.
Division works because every subset is counted the same number of times.
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Unordered selections: combinations

Ten people, three committee members, no roles.
Divide the ordered count by the six orders of each committee.

Combinations: “n choose k”

(
n
k

)
=

ordered selections︷︸︸︷
(n)k
k!︸︷︷︸

orders of each subset

= n!
k!(n − k)! .

Here n, k are integers and 0 ≤ k ≤ n.

Two checks:
(n

0
)

= 1 (choose nothing) and
(n

n
)

= 1 (choose everyone).
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Three letters, three counting rules

Choose two letters from {A, B, C}. Write AB for A first, then B.

Selection rule All possible outcomes Count

Permutations
Repetition allowed

AA, AB, AC ,

BA, BB, BC ,

CA, CB, CC

32 = 9

Permutations
No repetition

AB, AC , BA,

BC , CA, CB
(3)2 = 3 · 2 = 6

Combinations
No repetition {A, B}, {A, C}, {B, C}

(
3
2

)
= 6

2! = 3

Permutations are ordered selections: AB ̸= BA.
Combinations are subsets: {A, B} = {B, A}.
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Four jobs, six servers

Assign four labeled jobs to six servers.

Model assumptions
• Every job can be assigned to any of the six

servers.
• All complete assignments are equally likely.

Record servers in job order:

ω = (x1, x2, x3, x4).
Each xi ∈ {1, . . . , 6}. Repetition is allowed, so
|Ω| = 64.

1 2 3 4

1 2 3 4 5 6

Jobs

Servers
Example: (2, 4, 2, 6)

What is the probability of a collision?
A collision means at least two jobs choose the same server.
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A collision or no collision

Count the easier event: all four jobs use different servers.

C = {assignments with at least two jobs on the same server},

C c = {assignments with all four jobs on different servers}.

All outcomes
Six choices per job.

No collision
6, 5, 4, then 3 choices.

Use equal probabilities, then take the complement.
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Practice: at least one marked item

Choose a three-item subset from ten distinct items, with all such subsets equally likely.
Four items are marked; six are unmarked.

1 2 3 4 5 6 7 8 9 101 2 3 4

Marked Unmarked

What is the probability of choosing at least one marked item?
One outcome is an unordered three-item subset. Try counting “none marked.”
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Choose the right counting method

First describe one outcome. Then ask: does order matter, and can objects repeat?

Outcome Repetition Count

Ordered length-k sequence Allowed nk

Ordered length-k sequence Not allowed (n)k = n!/(n − k)!

Unordered k-element subset Not allowed
(n

k
)

= n!/[k!(n − k)!]

n ≥ 1 and k ≥ 0 are integers. Without replacement, k ≤ n.

Turn the count into a probability
For equally likely outcomes, P(A) = |A|/|Ω|.
Count both numerator and denominator with the same kind of outcome.

If “at least one” is hard to count: try “none,” then use the complement.
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Wednesday: probability recap

Result Statement

Empty event and sample space P(∅) = 0, P(Ω) = 1

Complement P(Ac) = 1 − P(A)

Nested events A ⊆ B =⇒ P(A) ≤ P(B)

Intersection P(A ∩ B) ≤ min{P(A), P(B)}

Remove part of B P(B \ A) = P(B) − P(A ∩ B)

Union P(A ∪ B) = P(A) + P(B) − P(A ∩ B)

Checks: 0 ≤ P(A) ≤ 1 and P(A ∪ B) ≤ P(A) + P(B).
For nested events, A ∩ B = A, so subtraction becomes P(B) − P(A).
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Wednesday: counting recap

Selection of k objects from n Count

Ordered, repetition allowed nk

Ordered, no repetition (n)k = n!/(n − k)!

Unordered, no repetition
(n

k
)

= (n)k/k!

With equally likely outcomes, P(A) = |A|/|Ω|.

Recall: in two tosses with four equally likely ordered outcomes,
what is the probability of exactly one head?

Today: how does the answer change when we learn that an event occurred?
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Conditional probability

Use the coin model with four equally likely ordered outcomes.
Given at least one head, how likely is exactly one head?

HH HT TH TT

Condition: B = {HH, HT , TH}. Event of interest: A = {HT , TH}.

Keep the outcomes in B; rescale their probabilities to total 1

P(A | B) = P(A ∩ B)
P(B) , P(B) > 0.

With equally likely outcomes, P(A | B) = |A ∩ B|/|Ω|
|B|/|Ω|

= |A ∩ B|
|B|

.
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Conditioning with unequal probabilities

A request is sent to one of three servers with the probabilities below.
Given that it did not go to server 1, how likely is server 2?

Server Original probability Given server 2 or 3
1 1/2 0 (excluded)
2 1/3
3 1/6

Ω = {1, 2, 3}; keep B = {2, 3}. The question asks for A = {2}.

Count retained outcomes only when their probabilities are equal.
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Two dice: at least one is four

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

1
1

2

2

3

3

4

4

5

5

6

6

Second die
Fi

rs
t

di
e

Model: all 36 ordered dice outcomes are equally
likely.
Given at least one die is 4, how likely is a sum of
7?

A = {sum is 7}.
B = {at least one die is 4}.

Outlined row and column: keep B.
Circled cells: A ∩ B.
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Different conditions, different probabilities

Keep the same equally likely dice outcomes and A = {sum is 7}.

Condition B |B| |A ∩ B| P(A | B)

At least one die is 4 11 2 2/11

First die is 4

Exactly one die is 4

Explain the differences
• Which condition excludes (4, 4)?
• Which condition excludes (3, 4)?
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The conditional product rule

Multiply the defining ratio by P(B) > 0:

P(B) P(A | B) = P(B)P(A ∩ B)
P(B) = P(A ∩ B).

Probability of two events occurring together

P(A ∩ B) = P(B) P(A | B).

Dice example: A = sum of 7; B = at least one die is 4.
11
36︸︷︷︸

P(B)

× 2
11︸︷︷︸

P(A|B)

= 2
36︸︷︷︸

P(A∩B)

.

If P(A) > 0, reversing the roles also gives P(A ∩ B) = P(A) P(B | A).
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Complements within a condition

Assume P(B) > 0. Within B, either A occurs or Ac occurs.

B = (A ∩ B) ∪ (Ac ∩ B) (disjoint pieces).
Add their probabilities, then divide by P(B):

1 = P(B)
P(B) = P(A ∩ B) + P(Ac ∩ B)

P(B) = P(A | B) + P(Ac | B).

Conditional complement rule

P(Ac | B) = 1 − P(A | B).

Coin example: given at least one head, exactly one head has probability 2/3.
The remaining case is HH, with probability 1 − 2/3 = 1/3.
The condition B stays the same throughout. Also, P(B | B) = P(B)/ P(B) = 1.
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Two draws without replacement

A bag contains three red and two blue balls. Draw twice without replacement.
At each draw, every remaining ball is equally likely.
Let Ri mean red on draw i and Bi mean blue on draw i .

Start

R1

B1

R2

B2

R2

B2

3/5

2/5

2/4

2/4

3/4

1/4

R1 ∩ R2

R1 ∩ B2

B1 ∩ R2

B1 ∩ B2

Second-draw branches use the remaining balls. The product rule gives a complete path’s probability.
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Two red draws

What is the probability that both draws are red?

Before drawing After one red draw

Red balls 3 2

All remaining balls 5 4

Chance of red next 3/5 2/4

The second probability describes the remaining balls
After one red draw, two red balls remain among four balls: P(R2 | R1) = 2/4.
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Three draws and the chain rule

Assume P(A ∩ B) > 0.

Apply the product rule twice

P(A ∩ B ∩ C) = P(A ∩ B) P(C | A ∩ B)
= P(A) P(B | A) P(C | A ∩ B).

What is the probability of red, then red, then blue?
Use the same bag and draw three times without replacement.

First: red After red: red After two reds: blue

3 red of 5 balls 2 red of 4 balls 2 blue of 3 balls

Each factor uses all the earlier information.
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Practice: both draws or a given first draw

Use the same bag: three red and two blue balls; no replacement.

Two different questions
1. What is the probability that the two draws have different colors?
2. Given the first draw is blue, what is the probability the second is red?

“Given blue first” starts after that draw. “Blue then red” includes reaching it.
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Conditional probability summary

For P(B) > 0

P(A | B) = P(A ∩ B)
P(B) , P(A ∩ B) = P(B) P(A | B).

1. Name the known event B in words.
2. Find the outcomes in both A and B.
3. Divide by the probability of the condition B.

Direction matters
P(A | B) and P(B | A) usually answer different questions.

Equal outcome probabilities allow counts. Otherwise, use their probability weights.
Friday: combine disjoint cases, then reverse the conditioning.
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Friday: conditional probability recap

For a condition B with P(B) > 0:

Question Rule

A given B P(A | B) = P(A ∩ B)/ P(B)

A and B together P(A ∩ B) = P(B) P(A | B)

Not A, given B P(Ac | B) = 1 − P(A | B)

For successive draws, multiply along a path using all earlier results as conditions.
Recall: three red and two blue balls, two draws without replacement.
What is the probability of two red draws?

Today: combine disjoint cases, then reverse the direction of conditioning.
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Partitions

Each device comes from exactly one of three suppliers.
Let Bi = {supplier i} and D = {device is defective}.

B1

D ∩ B1

B2

D ∩ B2

B3

D ∩ B3

Ω

D
Schematic: region areas do not represent probabilities.

No overlap
A device has only one supplier.

No missing cases
Every device has a supplier.

These cases form a partition of Ω.

Definition
B1, . . . , Bm partition Ω when Bi ∩ Bj = ∅ for i ̸= j
and B1 ∪ · · · ∪ Bm = Ω.
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The law of total probability

A defect can come from supplier 1, 2, or 3. How do we combine these cases?
D = (D ∩ B1) ∪ (D ∩ B2) ∪ (D ∩ B3) is a disjoint union.

P(D) = P(D ∩ B1) + P(D ∩ B2) + P(D ∩ B3)
= P(D | B1) P(B1) + P(D | B2) P(B2)

+ P(D | B3) P(B3).

General rule: sum over a partition

P(A) =
m∑

i=1
P(A ∩ Bi) =

m∑
i=1

P(A | Bi) P(Bi).

Assume the Bi partition Ω and P(Bi) > 0.
The sum adds one weighted contribution for each case.
Parts with probability zero contribute zero and can be left out of the conditional sum.
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Defects from three suppliers

Select a device at random. Its supplier shares and defect rates are:

Supplier Share P(Bi) Defect rate P(D | Bi) P(D ∩ Bi)

1 0.20 0.01

2 0.30 0.02

3 0.50 0.03

What is the probability that the selected device is defective?

Use the supplier shares as weights: they do not supply equal numbers of devices.
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Bayes’ theorem

Given an observed event A, how likely is case Bj?
Start with the conditional definition and expand its numerator:

P(Bj | A) = P(A ∩ Bj)
P(A) = P(A | Bj) P(Bj)

P(A) .

Use total probability for the denominator

P(Bj | A) = P(A | Bj) P(Bj)∑m
i=1 P(A | Bi) P(Bi)

.

Numerator
Case Bj and observation A occur together.

Denominator
All ways the observation A can occur.

Bi form a partition; P(Bi) > 0 and P(A) > 0.
P(Bj) is the prior; P(Bj | A) is the posterior, after observing A.
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Which supplier made the defective device?

Given a defect, what is the probability the device came from supplier 3?
Show the model proportions on a scale of 1,000 devices:

Supplier 1 Supplier 2 Supplier 3
All devices 200 300 500
Defective devices 2 6 15

These scaled counts illustrate the model; observed counts may differ.

Bayes: divide supplier 3’s defects by all defects.

P(B3 | D) = P(D | B3) P(B3)
P(D) = (0.03)(0.50)

0.002 + 0.006 + 0.015

= 0.015
0.023 = 15

23 ≈ 65.2%.

Supplier 3 makes 50% of all devices and about 65.2% of defective devices.
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A rare issue and an alert

A monitoring system checks devices for a fault. Suppose the probabilities are:
G = {genuine fault}; L = {alert}.

What the model tells us Probability

A device has a fault P(G) = 0.01

Alert, given a fault P(L | G) = 0.90

Alert, given no fault P(L | Gc) = 0.05

Given an alert, how likely is a genuine fault?
We want P(G | L). This reverses the condition in P(L | G).
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Count the devices with an alert

Show the model proportions on a scale of 10,000 devices.
Alerts: 100(0.90) = 90 among faulty devices; 9,900(0.05) = 495 among the rest.

Alert L No alert Lc Total

Fault G 90 10 100

No fault Gc 495 9,405 9,900

Total 585 9,415 10,000

Given an alert: keep the alert column. Which of those devices have a fault?

The fault rate is only 1%. The much larger no-fault group produces many false alerts.
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Practice: which box was chosen?

First choose a box. Then choose a ball, with its four balls equally likely.

Chance of choosing box Contents Chance of red

Box 1 1/3 3 red, 1 blue 3/4

Box 2 2/3 1 red, 3 blue 1/4

Given a red draw, what is the probability we chose box 1?
Let Bi = {box i} and R = {red draw}. We want P(B1 | R).
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Total probability and Bayes: summary

Total probability: combine all cases

P(A) =
m∑

i=1
P(A | Bi) P(Bi).

Bayes: update a case after an observation

P(Bj | A) = P(A | Bj) P(Bj)
P(A) .

Before calculating
• The cases must be disjoint and cover the sample space.
• Use each case’s probability as its weight.
• Conditioning events must have positive probability.

Next week: independence—when does conditioning leave a probability unchanged?
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