CSE 107

Continuous
random variables

Antonio de Leon
Probability and Statistics for Engineers Fall 2026

Monday, October 26 Densities, CDFs, and expectation
Wednesday, October 28  Exponential and normal models
Friday, October 30 Joint densities and marginals

WEEK 5



Course support and deadlines

Ed Discussion: questions, announcements, and private messages. No Canvas Inbox.

Open Ed from Canvas All times Pacific Full contact details and meeting links
Antonio de Leon Fri 3-4 p.m. (in person) —
GSC Room 204
Jeannine Romero Tue / Thu 10-11 a.m. 01A: Fri 9:20-10:25 a.m.
R Carson Acad 240 (in person)
Ehsan Mirafzali Mon 3-5 p.m. 01B: Fri 10:40-11:45 a.m. (Zoom)
Seokjun Choi Wed 3-4 p.m. 01C: Wed 4-5:05 p.m. (Zoom)
5:05-6:05 p.m.
Upcoming deadlines HW and quizzes: 10 p.m. Pacific
HW 3 Tue, Oct 27 Gradescope
Quiz 5 Sun, Nov 1 Canvas
HW 4 Tue, Nov 3 Gradescope

GSC: Graduate Student Commons. TA office-hour times link to Zoom.
HW: 24-hour grace period. Quizzes: no grace period. Approved accommodations apply.

CSE 107 Week 5 (Oct 26-Oct 30) Changes announced on Ed


https://canvas.ucsc.edu/courses/94988
https://docs.google.com/document/d/1AZ_T-KeO8IaSCgpgKgGldZc9AQ003VwMf3CmHBPTYhw/edit
https://ucsc.zoom.us/j/91272347746?pwd=kucoJFp40Ge38s4fehsakLx3wT8zkj.1
https://ucsc.zoom.us/j/92560253666?pwd=bWjvrY8ajdYK5yNaPR9r8soT5ZTrKg.1
https://ucsc.zoom.us/j/93609842511?pwd=PjpDhpszPkweQqrybozg4af4nmMeEX.1
https://ucsc.zoom.us/j/97723982208?pwd=h68T5JMnAwrSw5WjLYnVs5ap4r8XLj.1
https://ucsc.zoom.us/j/99542726290?pwd=8TZcwK4a3kDVvOcZ6mOGijemOwJvaC.1
https://ucsc.zoom.us/j/92001208953?pwd=jroxySXZ1gJg7EFUXFx6K4Kwl3HRFL.1

GRAND TEMPLE DE MEXIC




Probability from an interval

Assume X has density 2 on (0,1/2) and zero elsewhere.
Total probability
fe(x) Height x width: 2(1/2) = 1.

5 Shaded interval
Find P(0.1 < X < 0.3).

0 o1 03 1/2

Probability is area under the density. A density value may exceed one.
If X is in seconds, fx has units seconds™!.
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Conditions for a density

A law with density fx

fx(x) >0, /oo fx(x)dx =1, P(a< X <b)= /ab fx(x) dx.

A point and an interval. What does the integral assign to {c}?

The density may have jumps. Values at isolated points do not change integrals.
Here we study laws with densities, also called absolutely continuous laws.
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Density and cumulative probability

fx(t) Fx(t)
‘ t ‘

0 5 1 0 5 1
Shaded area: P(1/2 < X <1). Matching change: Fx(1) — Fx(1/2).

Derive the relation from Fx(t) = P(X < t).

At a continuity point t of fx, F{(t) = fx(t). The CDF is continuous.
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Uniform probabilities

Let X ~ Unif(a, b) with a < b. The density is constant on (a, b).

1
l=c(b-a), fx(x) = El{a<x<b}~

The indicator is 1 inside (a, b) and 0 outside. Endpoint density values do not change probabilities.

Find the CDF on all of R. First locate t relative to a and b.

For a < ¢ < d < b, the interval probability is (d — ¢)/(b — a).
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Expectation with a density

For bounded X, split its range into bins /; and replace values in bin j by x;.

The finite rule gives

fx(x)
Elg(Xa)] = () [ fulx)dx.
7‘4174 g j
I; x Let the largest bin width tend to zero.

il

Finer bins improve the approximation.

Average the function values using probability weights. Use g(x) = x or x2.

General finite-expectation formula: require / lg(x)|fx(x)dx < oo.
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Uniform mean and variance

Start with U ~ Unif(0, 1).

E[U] = /01 udu, E[U?] = /1 u? du.

0

For X = a+ (b — a)U, the uniform CDF gives X ~ Unif(a, b).

The affine mean and variance rules carry over from Week 4.
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A density that increases

Let fx(X) = 2X/{0<X<1}.
£ Normalize and obtain the full CDF.
x(t)

— t
0 5 1

Check that the total area is one.

The formula t? applies only between the support endpoints.
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Mean and tail probability

Continue with fx(x) = 2xlfgx<1} and Fx(t) = t* on that interval. Find P(X > 1/2),
E[X], and Var(X).

More weight lies near one, so the mean exceeds the uniform mean 1/2.
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A polynomial density

Practice. Let fyy(w) = cw?[jgcp<1}-
Q Find c.
@ State Fyy(t) for every real t.
© Compute E[W].

Use the same integral rule for each part, with the appropriate integrand.
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Reading a density and a CDF

For fx(x) = 2xljocx<1}, Fx(t) = t2 on (0,1).

Quantity Value Interpretation

fx(3/4)
Fx(3/4)

P(X = 3/4)

Zero probability for one exact value does not make that value logically impossible.
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Density calculations

Task Integral or condition
Check a density fx >0, [pfx(x)dx =1
Accumulate probability Fx(t) = [* fx(x)dx

Find an interval probability Fx(b) — Fx(a)
Average a function Elg(X)] = Jg g(x)fx(x) dx
Find variance E[X?] — (E[X])?

Keep the support visible. Give the CDF's outside pieces. Check units and total probability.
Finite expectations require absolute integrability. Variance calculations require a finite second moment.
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An exponential waiting time

Assume a positive waiting time T ~ Exp()\), with rate A > 0.

fT(t) = )\e_At/{t>0}

Normalization

1 2 3

Time in minutes; rates per minute.

A larger rate places more probability near zero. Each curve has total area one.
The exponential law is a modeling assumption. Waiting times need not follow it.
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CDF and survival function

For t > 0, integrate fr(u) = Ae™ " from 0 to t.

t
Fr(t) = /0 e M du.

The survival function gives the probability that the wait exceeds t.
Att=0, Fr(0)=0and P(T >0) = 1.
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Exponential mean and variance

Use integration by parts on [0, b], then let b — oo.

E[T]:/ the M dt, IE[TZ]:/ 2 e M dt.
0 0

The boundary terms vanish: bke=*f — 0 for k = 1, 2.
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The remaining wait

For s, t > 0, suppose the wait has already exceeded s.

elapsed s ., additional t
< 7S 4
| | : time
0 s s+t

Derive P(T > s+t | T > s) using event conditioning.

Under this model, elapsed time does not change the remaining waiting-time law.
The denominator is positive. The original T is not independent of {T > s} in general.
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Rate and time units

Assume a processing time has an exponential distribution with rate 2 per minute. Find the
mean, variance, SD, and probability of a wait longer than half a minute.

If processing is still unfinished after three minutes, what is P(T >3.5| T > 3)?
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The normal density

For 4 € R and o > 0, write X ~ N(u,0?) when

fe(x) = 1em%“ﬂmy X CR.

202

Standard normal functions

1 _2 - z
o)== o= [ )

1 locates the center. o controls scale. The second 0 1
parameter is o2.

We use f]R e /2dz = V2w, Its proof is in the optional appendix.
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Standard-normal moments

Let Z have density ¢. Its symmetry and decaying tails give E[Z] = 0.
d(@)=-z0(2),  EZN= [ 2o(z)az

Integrate by parts using z2¢(z) = —z¢'(z2).

Use finite bounds first. z¢(z) — 0 at both ends, and f |z|¢(z) dz < oo.
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Why standardization works

Let X ~ N(u,02) and set Z = (X — u)/o, where o > 0. Find the CDF of Z. Use
u=(x—p)/oand dx = odu.

Thus Z ~ N(0,1). Since X = p+0Z,

The CDF establishes the normal law. Mean zero and variance one alone do not.
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Left, right, and interval probabilities

For Z ~ N(0,1), ®(z) is the area to the left of z.

z z t z
P(Z < 1) = &(1) P(Z>1)=1-d(1) P(-1< Z<2)
— 0(2) ~ o(-1)
Use symmetry to express ®(—z) through ®(z).
z | 0 1 2

»(z) ‘ 0.500000000 0.841344746 0.977249868

The table gives numerical approximations. Shading extends into the unbounded tails.
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A measurement between two limits

Assume a measurement X ~ N(100,225). Find P(85 < X < 130).
First identify SD: ¢ = 1/225.

V4
-2 -1 0 1 2

, , , , ; X
70 85 100 115 130
Original values align with standardized values.

Transform both endpoints. Centering and division by SD preserve their order.
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A one-sided normal probability

Practice. Assume W ~ N(80,16). Find p(W > 84).
®(1) = 0.841344746.

Write the SD, standardized boundary, and correct tail.

The table reports a left-tail probability. Identify the shaded event before evaluating it.
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Parameters and probabilities

Unif(a, b) Exp()\) N(u, 0%)
Range (a, b) (0, 0) R
Mean (a+b)/2 1/A I
Variance (b—a)?/12 1/\2 o?

Probability ~ Length ratioc  1—e ™  ®((t—u)/o)

) is a rate. ¢ is a variance. Standardization uses o.

The exponential CDF formula applies for t > 0. For the uniform law, intersect the interval with (a, b)
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Probability over a region
Assume (X, Y) has a joint density fx y.
Probability rule
fr(ey) 20, [[ for(xy)dxdy =1, P(X.Y) € A) = [[ fevlxy)axdy.

y At a continuity point, a small cell has probability
approximately
fx,v(x,y) Ax Ay.

Ay The exact probability is the integral over the cell.

The density supplies the weight; the region supplies the limits.

X

Continuous marginals alone do not guarantee a joint density. We assume one exists.
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A uniform law on a triangle

A normalized start/finish pair has constant joint density on S = {(x,y) : 0 < x < y < 1}.

Yy

X

0

1

fx,v(x,y) = clioex<y<1}

Find c. The total integral must be one.

Uniformity over the triangle is the model assumption.
Sequentially choosing a uniform start and a uniform finish above it gives a different law.
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Reading the integration limits

The same region 0 < x < y < 1 admits two slicing descriptions.

Y y

y e
0<x<y
1
1
l
1
I X X
0 X 1 0 1
Fix x: integrate y from x to 1. Fix y: integrate x from 0 to y.

/01 [/xl fy(xy) dy] dx /01 [/Oy fx,v (X, y) dx] dy

The outer variable stays fixed during the inner integration.
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Deriving a marginal density
The event a < X < b allows every compatible value of Y.

b 00
Pla< X <b)= / [/ fx y(x,y)dy| dx.

Identify the density of X. Check nonnegativity and total integral.

Integrating a slice gives a marginal density. Integrating over an event region gives probability.
Nonnegative integrands justify changing integration order here. Independence is unnecessary.
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The marginal density of the start

For fx v (x,y) = 2ljo<x<y<1}, fix x and integrate over every compatible y.

y Find 7x(x), including outside the projection.

q

I

I

1

L X
0 X 1

The projection onto the x-axis is (0,1).
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The marginal density of the finish

Fix y. The compatible start coordinates satisfy 0 < x < y.

y Find fy(y) and check its integral.
1
y y==
0<x<y
X
0 1

The two marginals describe different coordinates of the same joint model.
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A probability from a marginal

Find P(X < 1/2) in the triangular model.

1/2 1

The joint-region calculation and the marginal calculation describe the same event.
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A duration longer than one half

Find P(Y — X > 1/2). Intersect the duration condition with 0 < x < y < 1.

y Read the limits from the shaded region.

1/2
1

Si¢

+ y=x
Y
121 3
X

0 1

y—1/2

Other order: .ﬁl/z 0

2dxdy. Both integrals cover the same region.
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A nonuniform joint density

Practice. Let nyy(X,y) = XI{0<X<1, 0<y<2}-
y Shade Y < X, then calculate its probability.

2

0 1
Darker bands indicate larger density.
. . 1 2
The model is normalized: fo fo xdydx = 1.
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Dependence from impossible combinations

Return to the triangular model. Consider A= {X >1/2, Y < 1/2}.

y Compare the joint-event probability with the product
of marginal probabilities.

Independence would require these event probabilities to factor.
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Joint and marginal densities

fx(x) fy(y)

2 2

0 1 X 0 1 y
fX(X) = 2(1 - X)I{0<x<1}- fY(Y) = 2)/I{0<y<1}-

fi(x) = /R foy(ay)dy,  frly) = /R v (%, y) dx.

Integrate over the compatible coordinate. The support diagram determines the limits.
Next meeting: conditional densities and fixed conditional means.
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Gaussian normalization

Optional proof. Requires double integration and the polar area element.

Put I = [ e #/2dz. We seek the normalizing constant.

12 = //R2 e~ Y12 qx dy .

Use x = rcosf, y = rsinf, and area element rdrdf.

| < oo: for |z| > 1, e 2 /2 < e~121/2 Polar area is radius x radial width x angular width.
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A normal percentile

Optional application. A percentile is a threshold in a specified distribution.

For X ~ N(p,02) and 0 < p < 1, find g, such that P(X < g,) = p.

For N(100,225), use ®~1(0.975) ~ 1.96.

About 97.5% of this model’s probability lies below the threshold.
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A density on curved support

Optional extension. The same slicing method applies to a curved boundary.
2
Let fX,Y(Xu}’) = y/{x2<y<1}-
y Find c. The x-projection is (—1,1).
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Marginals on curved support

Optional extension. Here fx y(x,y) = (21/4)X2yl{xz<y<1}.
Vertical slice Horizontal slice
—l<x<1l x2<y<l, 0<y <1 =y <x<,y.

The horizontal slice uses both branches, —,/y and /y.
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Reading selections

Harchol-Balter, supplied 2024 version

Monday pp. 134-137 and 141: density/CDF, uniform model, moments.

Wednesday pp. 138-139, 142 (exponential); pp. 170-175 (normal moments and probabilities).
Friday pp. 153-155: joint densities and marginals. Stop before conditional densities.

DeGroot—Schervish, fourth edition
Densities and moments  pp. 101-104, 111-112, 209-210; continuous expectation statement on pp.

213-214.
Named models p. 303 and pp. 307-308 (normal); pp. 321-322, exponential portions only.
Joint laws pp. 120-122 and the marginalization theorem on p. 132; p. 133 for the

optional curved example.

Printed pages. Read selected passages alongside lecture; whole chapters are not assigned.
Exclude surrounding MGF, gamma, conditional-density, normal-sum, and CLT material. Optional frames 36—-39
extend the core.
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