
CSE 107 Fall 2026

Poisson calculations,
Markov introduction,
and final review
Week 10
Antonio de Leon

November 30, December 2 and 4, 2026



Course support and deadlines

Ed Discussion: questions, announcements, and private messages. No Canvas Inbox.
Open Ed from Canvas All times Pacific Full contact details and meeting links

Instructor / TAs Office hours Optional, ungraded discussions
Antonio de Leon Fri 3–4 p.m. (in person)

GSC Room 204
—

Jeannine Romero Tue / Thu 10–11 a.m. 01A: Fri 9:20–10:25 a.m.
R Carson Acad 240 (in person)

Ehsan Mirafzali Mon 3–5 p.m. 01B: Fri 10:40–11:45 a.m. (Zoom)
Seokjun Choi Wed 3–4 p.m.

5:05–6:05 p.m.
01C: Wed 4–5:05 p.m. (Zoom)

Upcoming deadlines HW and quizzes: 10 p.m. Pacific
Quiz 9 Tue, Dec 1 Canvas
HW 7 Wed, Dec 2 Gradescope
Quiz 10 Fri, Dec 4 Canvas

Final exam: date, time, and location to be announced on Ed.
HW: 24-hour grace period. Quizzes: no grace period. Approved accommodations apply.
CSE 107 Week 10 (Nov 30–Dec 4) Changes announced on Ed

https://canvas.ucsc.edu/courses/94988
https://docs.google.com/document/d/1AZ_T-KeO8IaSCgpgKgGldZc9AQ003VwMf3CmHBPTYhw/edit
https://ucsc.zoom.us/j/91272347746?pwd=kucoJFp40Ge38s4fehsakLx3wT8zkj.1
https://ucsc.zoom.us/j/92560253666?pwd=bWjvrY8ajdYK5yNaPR9r8soT5ZTrKg.1
https://ucsc.zoom.us/j/93609842511?pwd=PjpDhpszPkweQqrybozg4af4nmMeEX.1
https://ucsc.zoom.us/j/97723982208?pwd=h68T5JMnAwrSw5WjLYnVs5ap4r8XLj.1
https://ucsc.zoom.us/j/99542726290?pwd=8TZcwK4a3kDVvOcZ6mOGijemOwJvaC.1
https://ucsc.zoom.us/j/92001208953?pwd=jroxySXZ1gJg7EFUXFx6K4Kwl3HRFL.1




The increment model

Assume a homogeneous Poisson process with rate λ > 0 per hour.
• N(0) = 0; N(t) counts arrivals in (0, t].
• N(b) − N(a) ∼ Pois(λ(b − a)) for 0 ≤ a < b.
• Counts on deterministic disjoint intervals are jointly independent.

Quantity Meaning

λ Rate: arrivals per hour
∆ = b − a Duration in hours
m = λ∆ Mean count, not a rate
Running example: λ = 4 per hour. These are modeling assumptions.
Reading: Harchol-Balter, pp. 216–217; DeGroot–Schervish, p. 293.
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Translate the observation windows

At rate 4 per hour, define

A = N(1/4), B = N(3/4) − N(1/4).

hours
0 1/4 3/4

A B

Count Interval (hours) Duration Mean

A (0, 1/4] 15 minutes 4(1/4) = 1
B (1/4, 3/4] 30 minutes 4(1/2) = 2
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A joint probability from independent counts

For disjoint intervals of lengths ∆1, ∆2 > 0, let A, B be their counts. For integers a, b ≥ 0,
start with

P(A = a, B = b).

Draw the intervals before using a product.
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Two successive windows

At rate 4 per hour, find the probability of one arrival in the first 15 minutes and two in the
following 30 minutes.

hours
0 1/4 3/4

A B

P(A = 1, B = 2) = ?
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Cumulative counts share arrivals

The later cumulative count contains the earlier one:

N(3/4) = N(1/4)︸ ︷︷ ︸
A

+ N(3/4) − N(1/4)︸ ︷︷ ︸
B

.

hours
0 1/4 3/4

A
A + B
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The joint law of two cumulative counts

Let 0 < s < t. Set A = N(s) and B = N(t) − N(s), so A ⊥⊥ B.

{N(s) = i , N(t) = j} = {A = i , B = j − i}.

Support check: i ≥ 0 and j − i ≥ 0. A cumulative count cannot decrease.
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A future count after an observed count

For 0 < s < t and an integer i ≥ 0, condition on N(s) = i . The new count is
B = N(t) − N(s).

P(N(t) = j | N(s) = i) = P(B = j − i | A = i).

The new increment is independent of the past count; the total N(t) contains it.
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Covariance of cumulative counts

Write N(s) = A, N(t) = A + B, where A ⊥⊥ B.

Cov(N(s), N(t)) = E[A(A + B)] − E[A]E[A + B].

The shared arrivals contribute to both counts. Correlation requires positive variances.
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Partially overlapping windows

At rate 4 per hour, count arrivals in I = (0, 1/2] and J = (1/4, 3/4].

hours
0 1/4 1/2 3/4

A B
B C

I
J

KI = A + B, KJ = B + C ; A, B, C independent Pois(1).
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Counts and covariance

Arrivals form a homogeneous Poisson process at rate 6 per hour. Let U count the first ten
minutes and V the first thirty minutes.

1 Write each count using disjoint pieces.
2 Find Cov(U, V ). Are U and V independent?
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Check the interval before multiplying

Assume the same homogeneous Poisson process, and 0 < s < t.
Claim Verdict and reason

N(s) ⊥⊥ [N(t) − N(s)].

N(s) ⊥⊥ N(t).

Two equal-length intervals have identical
counts.

Specify the windows, isolate disjoint pieces, then choose the probability rule.
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A state observed each day

Let Xn be a machine’s state at daily check n.

State Meaning Observation step

0 Working One daily check to the next
1 Under repair The same observation schedule

Model the next state using the current state. Specify the starting state or its probability
distribution separately.

All Markov-chain material is excluded from the final examination.
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The Markov assumption

For a history with positive probability, the Markov property says

P(Xn+1 = j | Xn = i , Xn−1 = in−1, . . . , X0 = i0) = P(Xn+1 = j | Xn = i).

Time homogeneity adds that the last probability is a fixed pij , independent of n.

Harchol-Balter p. 421; DeGroot–Schervish pp. 188–191.
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From a diagram to a matrix

0 1

.2

.3

.8 .7

working repair

P =
0 1

0 .8 .2
1 .3 .7

Row: present state.
Column: next state.

pij = P(Xn+1 = j | Xn = i).

State order is (0, 1) throughout. One step = one daily check.
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Each row is a conditional PMF

Given state i , the next state lies in the finite state set S.

pij ≥ 0,
∑
j∈S

pij = 1.

A row is one conditional distribution. A column is not.
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One-step distribution update

Define πn,i = P(Xn = i). To find the next-state probability, partition by the present state.

πn+1,j = P(Xn+1 = j).
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A random initial state

Suppose π0 = (1/4, 3/4), in state order (0, 1).

P =
(

.8 .2

.3 .7

)
, π1 = π0P.
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Two routes to a two-step return

Start at X0 = 0. Find P(X2 = 0 | X0 = 0) by conditioning on X1.

0
0

1
0

.8 .8

.2 .3

n = 0 n = 1 n = 2

DeGroot–Schervish p. 194: conditioning on the intermediate state.
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Why the matrix is squared

For any start i and destination j , sum over the intermediate state k:

P(X2 = j | X0 = i) =
∑

k
pikpkj = (P2)ij .
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The updated law is a probability law

Assume πn,i ≥ 0,
∑

i πn,i = 1, and each row of P sums to 1.

πn+1,j =
∑

i
πn,ipij .
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One and two steps from repair

The machine is under repair now: X0 = 1.

P =
(

.8 .2

.3 .7

)
.

Find the probability it is working (a) at the next check and (b) two checks later.
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What the model assumes

Check Meaning

State description Does the current state contain the information needed for the next
transition?

Markov property Given that state, earlier history does not change the next-state law.

Time homogeneity The same transition probabilities apply at each daily check.

Required lesson ends at one- and two-step probabilities. All chains are excluded from the final.
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Final scope

Required core Events and conditioning; random variables and transformations; joint laws
and moments; bounds, LLN and CLT; known-SD mean intervals; Poisson
counts and increments.

Excluded All Markov-chain material; optional extensions marked in the weekly mate-
rials.

Preparation Use the ungraded review packet and its independent worked answers. Choose
additional exercises by topic.

Markov’s inequality remains in the bounds material. It is not a Markov-chain result.
Use the official course announcement for the final’s confirmed date, time, room, and working duration.
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Choose the probability statement

Type Symbol What the model supports

Exact calculation = A probability from the specified law

Bound ≤ A guaranteed upper bound, often using moments

Limit −→ Behavior as n → ∞, with tolerance fixed

Approximation ≈ A substitute law, such as a normal approximation

Interval coverage 1 − α Probability that a random interval covers a fixed parameter

Write the claim your assumptions justify. A bound is not an exact tail probability.
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Conditioning reverses the question

Two production lines supply 40% and 60% of the parts. Their defect rates are 10% and
20%. Let D denote a defect.

part
L1

L2

D

D

.4

.6

.1

.2
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Support determines the conditional law

x

y

y

1

1

0

The familiar joint density is fX ,Y (x , y) = 2I{0<x<y<1}.
At fixed 0 < y < 1, which x values are allowed?
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Transform an event, then differentiate

In the same triangle model, fY (y) = 2yI{0<y<1}. Set Z = Y 2.

FZ (z) = P(Y 2 ≤ z).

First determine the transformed support and all CDF branches.
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A guarantee and a limiting statement

Let Xi be iid with mean µ and variance 4. How large is sufficient for P(|Xn − µ| ≥ .5) ≤ .1?
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A discrete tail and its normal approximation

Let K ∼ Bin(400, .5). Find an exact expression and a normal approximation for
P(K > 220).

219 220 221 222 223

220.5

K ≥ 221
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An interval for a mean

For iid normal observations with unknown mean µ and known SD 4, suppose n = 64 and
the observed mean is 12. Start from Z = (Xn − µ)/(4/

√
64) ∼ N(0, 1).
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Convert cumulative counts to increments

Arrivals form a homogeneous Poisson process at rate 3 per hour. Find

P(N(1/3) = 0, N(1) = 2).
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Check a complete solution

Repair each claim and state the missing reason.
1 For iid data of variance σ2, Var(Xn) = σ2/

√
n.

2 In a rate-λ > 0 Poisson process, N(s) ⊥⊥ N(t) whenever 0 < s < t.

Use the review answers to check assumptions, support, event translation, scale, and conclusion.
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Optional: joint counts with overlap

Let independent A ∼ Pois(a), B ∼ Pois(b), C ∼ Pois(c), and set X = A + B, Y = B + C .
Write pm(k) for a Poisson PMF. For integers x , y ≥ 0:

Unassessed extension. The required lesson uses only the shared-count covariance.
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Optional: an earlier count given a total

For 0 < s < t, condition on N(t) = n. Use a joint-to-marginal PMF ratio.

Unassessed extension. Conditioning on the total is different from conditioning on the past.
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Optional: the first-arrival connection

Let T1 = inf{t : N(t) ≥ 1} be the time of the first arrival.

{T1 > t} = {N(t) = 0}, t ≥ 0.

Unassessed extension. No arrival-time question appears in the required final.
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Optional: a larger two-step example

Use states (1, 2, 3, 4) and the transition matrix

P =


1/4 1/4 0 1/2
0 1 0 0

1/2 0 1/2 0
1/4 1/4 1/4 1/4

 .

Find the two-step probability from state 3 to state 2.

Adapted from supplied STAT 131 problems, p. 13, §5, Problem 1(a). Optional; excluded from the final.
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Selected reading

Poisson increments
Harchol-Balter, supplied 2024 text, pp. 216–217. Alternative: DeGroot–Schervish, 4th ed., p. 293,
Definition 5.4.2 and Example 5.4.6 only.

Markov introduction — excluded from the final
Harchol-Balter p. 421 through the row-sum discussion on p. 422; only the first repair-model
matrix/diagram on p. 423. DeGroot–Schervish pp. 188–191 definitions and p. 194 two-step
derivation.

Final review
Reuse the selected covariance, bounds, CLT, and mean-interval readings from Weeks 6–9. No new
whole-chapter assignment.

Optional
Harchol-Balter p. 218 (first-arrival connection); supplied STAT 131 problems p. 13, §5, 1(a).
Printed page numbers. “Time homogeneity” does not assert a stationary marginal distribution.
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